LIFTS AND VERTEX PAIRS IN SOLVABLE GROUPS 



JAMES P. COSSEY AND MARK L. LEWIS 

Abstract. Suppose G is ap-solvable group, where p is odd. We explore 
the connection between lifts of Brauer characters of G and certain local 
objects in G, called vertex pairs. We show that if \ is a lift, then the 
vertex pairs of x form a single conjugacy class. We use this to prove a 
sufficient condition for a given pair to be a vertex pair of a lift and to 
study the behavior of lifts with respect to normal subgroups. 



1. Introduction 

Throughout this paper G is a finite group and p is a fixed prime. If G 
is ^-solvable and ip € IBr p (G), the Fong-Swan theorem shows that there is 
an irreducible character x € Irr(G) such that x° = fi where x° denotes the 
restriction of x to the- p-regular elements of G. In this case the character x 
is called a lift of ip, and in general, if x° is irreducible, then x is called a lift. 
It is certainly the case that <p could have many lifts, and one active area of 
research is to understand the set of lifts of (p (see [I], [6], |21j). 

Suppose that M is a normal subgroup of G and x is a hft of <p. One 
would like to know under what conditions are the constituents of xm lifts? 
By Clifford's theorem, if one constituent of xm is a hft, then they all are. 
Note that it is certainly not the case that the constituents of xm must be 
lifts (see the example at the end of [1]), though if p is odd and G/M is a 
p-group, Navarro has shown that the constituents of xm must be lifts |21j . 
In this note, we find another sufficient condition that will imply that the 
constituents of xm are lifts. 

Our condition makes use of vertex pairs. To each ordinary irreducible 
character x of a p-solvable group, one can associate a vertex pair (Q,S) 
to x, where Q is a p-subgroup of G and 5 6 Irr(Q) (see Section H] for the 
precise definition of a vertex pair). These vertex pairs generalize the vertex 
subgroups developed by Green [7] and share many of their properties. In 
fact, if p is odd and G is p-solvable, and % € Irr(G) has vertex pair (Q, 5) 
and is a lift of cp £ IBr p (G), then it is known that Q is a vertex for the 
irreducible module corresponding to <p, and 5 is linear [21]. These vertex 
pairs are "local" objects that yield information on the lifts of the Brauer 
characters. 
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With this definition, we can state our condition: 

Theorem 1. Let G be p-solvable where p is odd, and suppose M <\G. Let 
X G Irr(G) be a lift of <p G IBr p (G) with vertex pair (Q,6), and write P = 
Q D M and A = 5p. If P is abelian and A is invariant in N_^(P), then the 
constituents of XM are lifts. 

In order to prove this theorem, we need to understand the connection 
between lifts and their vertex pairs. In particular, we need a uniqueness 
result regarding vertex pairs that generalizes the main result of [3]. Given 
an irreducible character x °f a p-solvable group, there are many different 
ways to associate a vertex pair to x, and the resulting vertex pairs need 
not be conjugate |2J. We show that if p is odd and x is a lift °f a Brauer 
character ip, then in fact all of the vertex pairs for x are conjugate, and thus 
it makes sense to speak of "the" vertex pair of the lift x- 

Theorem 2. Let p be an odd prime and G a p-solvable group. Suppose that 
X G Irr(G) is a lift of ip G IBr p (G). Then all of the vertex pairs for x are 
conjugate. 

This theorem is known to be false if p = 2 (see [2] ) . It is also known that 
the conclusion need not hold if x is n °t a lift (see [3] ) . 

As mentioned before, it is known that if p is odd and G is p-solvable, 
then the vertex subgroup Q of any lift x °f £ IBr p (G) is also the vertex 
subgroup of the irreducible module corresponding to p. It is not known, 
however, which characters of Q can be vertex characters of lifts of ip. Our 
last main result gives a sufficient condition for a character 5 of Q to be the 
vertex character of a lift of (p. 

Theorem 3. Let p be an odd prime and G a p-solvable group. Suppose 
ip € IBr p (£r) has vertex subgroup Q, and let 5 G Irr(Q). If Q is abelian and 
5 is invariant in Nc(Q), then there is a unique lift of ip with vertex pair 

(Q,s). 

It is not yet known whether the hypotheses that Q is abelian can be 
weakened. 

2. Restriction to normal subgroups 

In this section, we prove Theor em [T] (assuming Theorems [2] and [3|). Before 
we can prove Theorem Q] we need an easy lemma. We omit the proof of this 
lemma, as the first part is Theorem 3.2 of [5] (and can also be found in [17]), 
and the proof of the second part consists of the exact same argument used 
to prove Theorem 1.1 of [4] (which used the version of Theorem [2] when |G| 
is assumed to be odd - note that we now know we need only assume that G 
is p-solvable and p is odd) . 

Lemma 2.1. Let p be a prime and let G be a p-solvable group, and let 
ip G IBr p (G) have vertex subgroup Q. Suppose M <] G. Then: 
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(a) There is some constituent 8 of <pm that has vertex Q n M. 

(b) If p is odd, and \ is a lift of (p with vertex pair (Q,5), then some 
constituent of xm has vertex pair (Q n M, Sq^m)- 

We will need to make use of a result of Navarro [19] regarding relative 
defect zero characters. 

Definition 2.2. Let p be a prime. If G is a group with N < G, and \i G 
Irr(iV) and x G Irr(G | /i), i/ien we say f/iai x ^ as relative defect zero (with 
respect to p) if 

(X(1)/M1)) P = [G : iV| p . 

If the prime p is clear from the context, we will simply refer to the rel- 
ative defect zero characters over \i. We will denote the relative defect zero 
characters of G lying over [i by rdz(G | Note that rdz(G | ljv) consists 
of precisely the defect zero characters of G/N. 

The following, which is a restatement of Theorem 2.1 of |19| . will be key 
to our arguments. Note there are no conditions on the group G or the prime 
p (other than of course \G\ is finite). 

Theorem 2.3. Let G be a finite group and p a prime. Let D <\ G be a 
p-subgroup and let [i G Irr(iV) be G-invariant. Then there is a bijection 
X — > Xu from the defect zero characters ofG/D to rdz(G | yu). If [i is linear, 
then x° = Xl- 

We have not taken the time to generalize Theorem 12.31 from Brauer char- 
acters to 7r-partial characters. It is for this reason that the results in this 
section and Section[3]are stated in terms of Brauer characters. However, the 
results in this section and Section [3] are true for 7r-partial characters with 

2 G 7T. 

We will need to make use of character triple isomorphisms. The definition 
and key results for character triple isomorphisms can be found in Definition 
11.23 of [9] and the results in Chapter 11 after that. This next lemma gives 
a connection between lifts and character triple isomorphisms. The argument 
for this next lemma appeared in the proof of Corollary B of [6]. 

Lemma 2.4. Let G be a p-solvable group, let N be a normal p 1 -subgroup 
of G, and let 8 G Irr(iV) be G-invariant. Then (G, N, 8) is character triple 
isomorphic to {G* , N* ,8*) where N* is a central, p' -subgroup of G* . Let 
X G Irr(G | 9) correspond to x* G Irr(G* | 9*). Then x is a lift if and only 
if X* is a lift- Furthermore, suppose ip is a lift of (p G IBr p (G), and let 
(p* = . Then the number of lifts of ip is equal to the number of lifts of 

<p*. 

Proof. By Theorem 5.2 of |13j . there is a character triple (G* , N* ,8*) which 
is isomorphic to (G, N, 8) and where iV* is a central, p'-subgroup. Take H to 
be a Hall p-complement of G. Let H* correspond to H, and note that H* is 
a Hall p-complement of G*. By the Fong-Swan theorem, x° is n °t irreducible 
if and only if there there exist characters a, j3 such that x° = a ° + This 
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occurs if and only if xh = oh + Ph- Using the character triple isomorphism, 
this is equivalent to (x*)h* = (a*) H * + (P*)h* and to (x*)° = (a*)° + (/3*)°. 
We conclude that x° is irreducible if and only if (x*)° is irreducible. 

Suppose ip is a lift of (p, then we define (p* = (ip*)°. Notice that x G Irr(G) 
is a lift of cp if and only if xh = <Ph- It follows that x is a lift °f 'z 9 if an d 
only if x* is a lift of </?*, and so, the number of lifts of tp equals the number 
of lifts of ip*. □ 

We will also need to understand how vertex pairs behave with respect 
to the character triple isomorphism. (We will need the basic results about 
p-special, p'-special, and p- factorable characters, see [TO] for example.) 

Lemma 2.5. Let G be a p-solvable group and let N be a normal p' -subgroup 
ofG, and suppose 9 G Irr(iV) is G-invariant. Let (G* , N* ,9*) be an isomor- 
phic character triple where N* is a central p' -subgroup of G* . If x ^ Irr(G|#) 
is a lift with vertex pair (Q, 5), then there exists a subgroup Q* = Q ofG* and 
a characters* G Irr(Q*) such that (Q*,5*) is a vertex pair for x* ■ Moreover, 
5 is invariant in Nc(Q) if and only if 5* is invariant in Ng*(Q*). 

Proof. Suppose that x G Irr(G) is a lift with vertex pair (Q, 5). Then there 
is a subgroup U containing QN and a factorable character aj3 of U (where a 
is p'-special and /3 is p'-special) that induces %, and Q is a Sylow p-subgroup 
of U and /3q = 5. Notice that a lies over 8 and N is in the kernel of /3, 
so a/3 € Itt(U\9). Thus (a/3)* G Irr(U*\9*) is a factorable character that 
induces x* ■ Write (a/3)* = a\f3\ (where ai is p'-special and /3i is p-special), 
let Q* be a Sylow p-subgroup of U* , and write 5* = (/3i)q*. Then Q = Q*, 
and (Q*,S*) is a vertex pair for x* ■ 

To complete the proof, we show that with the above notation, S is invari- 
ant in Ng(Q) if and only if 5* is invariant in ~Ng*(Q*). Notice that S has 
a unique p-special extension e G In(QN), and that 5 is invariant in Ng-(Q) 
if and only if e is invariant in ~Ng(QN). Let 9 denote the unique p'-special 
extension of 9 to QN, and note that 9e G Itt(QN\9). Moreover, a/3 G Irr([7) 
lies over 9e. Now 5 is invariant in Nc(Q) if and only if 9e is invariant in 
~Ng(QN), which occurs if and only if (#e)* is invariant in N^r* ((QN)*) (by 
the properties of a character triple isomorphism), which occurs if and only 
if the p-special factor e\ of (#e)* is invariant in Ng* ((QN)*). Note that e\ 
necessarily restricts to a vertex character for x* obtained from (U* , (a/3)*), 
so (ei)<2* = 5* ■ Finally, note that ei is invariant in Ng» ((QN)*) if and only 
if S* is invariant in Ng*(Q*), and we have proven the lemma. 

□ 

We now turn to Theorem [H and in fact, we prove more. Note that in 
the statement of the following theorem, we do not assume that the vertex 
subgroup Q is abelian, only that a relevant subgroup of Q is abelian. Also, 
since p is odd, then the vertex character for the lift x is necessarily linear. 
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Theorem 2.6. Let G be p-solvable where p is odd, and suppose M < G. 
Let x ^ Irr(G) be a lift of ip G IBr p (G) with vertex pair (Q,5), and write 
P = QnM and A = 5p. If P is abelian and X is invariant in Njy/(P), then 
the constituents of xm ar ^ lifts. Moreover, if X is invariant in Ng(P) and 
■ip is a constituent of xm, then G^ = G^o. 

Proof. To prove the first statement, it is enough to show that some con- 
stituent of xm is a lift. There is some constituent ip of xm such that the 
Clifford correspondent p of x i n Irr(G^ | ip) has vertex pair (Q,5). Notice 
that by part (b) of Lemma [2TTT ip has vertex pair (P, A). If G^ is proper in 
G, then by induction, we see that ip is a lift. 

Thus, we may assume that ip is invariant in G, and note that this implies, 
by part (b) of Lemma 12.11 that ip has vertex (P, A). Let N = O p /(M) and 
note that N < G. Let a be a constituent of xn, and thus also of ipN- Let 
T = G a and assume that T < G. By replacing a by a conjugate if necessary, 
we may assume that the Clifford correspondent p € Irr(T | a) of x has vertex 
pair (Q, 5). Note that a Frattini argument (since ip is invariant in G) shows 
that G = MG a . By induction, we see that the unique constituent v of 
PN a is a lift, and necessarily lies over a. Since v° £ IBr p (N a \ a) induces 
irreducibly to N, then ip = v is a lift. 

Therefore we may assume that a is invariant in G. We may now use 
Lemma f2.4l and Lemma f2.5l to replace the triple (G, N, a) with an isomorphic 
character triple without losing the information about the lifts or their vertex 
pairs. Thus, we may assume that N is a central p'-subgroup of G (and 
hence, also central in M). Also, note that by part (a) of Lemma 12.11 some 
constituent 9 of ipM has vertex subgroup P. 

Let K 5 N be such that K/N = O p (M/N). Since N is a central p'- 
subgroup in M, then K = N x S, where S = O p (M). Since P is a vertex 
subgroup of 9, then S C P. Also, since P is abelian, then P C Cm (S), 
so PN/N C C A//Af (SA^/AO C SN/N, where the last containment is by 
the Hall-Higman lemma. Therefore, P C 5, and thus P = S 1 < M and 
by assumption, A is invariant in M. By Theorem 12.31 since 9 is a Brauer 
character of M with vertex P, there is a unique character in rdz(M | A) that 
lifts 9. However, we know that ip has vertex (P, A), and thus ip € rdz(M | A), 
and therefore ip is a lift of 9. 

To prove the second statement, notice that we have shown that ip has ver- 
tex pair (P, A), and thus by Theorem El ip is the unique lift of ip° with vertex 
pair (P, A). It is clear that G^, C G^o. To prove the reverse containment, we 
may without loss of generality assume that ip° is invariant in G, and prove 
that ip is invariant in G. Note that by a Frattini argument, G = MNg(F). 
Since we are assuming N(j(P) stabilizes A, then G = MNg(P,A). Let 
5 € G, and write 5 = mn, where m G M and n G Nc(P, A). Then ip 9 = ip n . 
But is a lift of (■0°) n = ip° and has vertex pair (P, A) n = (P, A), and thus, 
by the uniqueness in Theorem [31 we see that ip n = ip, and therefore ip 9 = ip 
and ip is invariant in G. □ 
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3. Theorem [3] 

In this section we prove Theorem [3] (using Theorem [2]) . We note that the 
proof of Theorem [3] bears many similarities with the proof of Theorem 12.61 

Before beginning the proof, we show that it can certainly be the case that 
there are irreducible characters of a vertex subgroup Q that are not vertex 
characters of lifts. Let p = 7 and let Q have order 7, and let T have order 
3 and act nontrivially on Q, and let G = Q x T be the semidirect product. 
Let p> G IBr p (G/Q) be nontrivial, and note that cp must be linear and p> 
has vertex subgroup Q. If 5 € Irr(Q) is nontrivial, then any character of G 
lying over 5 must have degree 3 and thus cannot be a lift of (p. Thus there 
are no lifts of (p with vertex pair (Q, 5). This example shows that we cannot 
remove the hypothesis that 5 is invariant in ~Ng(Q) from Theorem [3l 

We now prove Theorem [3] of the introduction. 

Proof of Theorem^ Let N = O p '(G), and let a € Irr(iV) be a constituent 
of ifN- Take T to be the stabilizer of a, and suppose that T < G. Replacing 
a by a conjugate if necessary, we may assume that Q is a vertex subgroup 
for the Clifford correspondent r/ £ IBr p (T | a) of ip. Clearly, the hypotheses 
are inherited by r\ in IBr p (T), and thus, by induction, there is a unique 
lift ip € Irr(T) of rj with vertex pair (Q,S). Note that ip £ Irr(G), and 
ip = rp = (ip°) G = (ip G )°, and thus tp G is a lift of (p. By Theorem [21 any 
vertex pair for ijj is a vertex pair for i(j g , and thus (Q, 5) is a vertex pair of 
ip G . 

We still need to show that tp G is the unique such lift of p. Suppose xi 
and X2 are lifts of <p with vertex pair (Q,5). Again, choose a G IBip(N) 
so that the Clifford correspondent r/ of p has vertex subgroup Q. Now the 
Clifford correspondents ipi and ip2 of xi an d X2 have vertex pairs (Q,6i) 
and (Q,52), respectively. In light of Theorem [21 5\ and 82 are conjugate 
to 5 via elements in Ng(Q). By assumption, Ng(Q) stabilizes (5, and thus 
^1 = ^2 = 5. Therefore, ip\ and tp2 are lifts of 77 with vertex pair and 
thus, by induction, ipi = tp2- We conclude that \i = X2- 

Therefore, we may assume that a is invariant in G. Using Lemma [2. 41 and 
Lemma 12.5} we may replace (G,N,a) using a character triple isomorphism 
without losing information about the lifts or their vertex pairs, and thus, we 
may assume that N is a central p'-subgroup of G. Let K D N be such that 
K/N = O p (G/N). Since TV is a central p'-subgroup in G, then K = N x P, 
where P = O p (G). Since Q is a vertex subgroup of ip, then P C Q. Also, 
since Q is abelian, then Q C C G (P), so QA^/iV C C G/N (PN/N) C PN/N, 
where the last containment is by the Hall-Higman lemma. Therefore, Q Q P, 
and thus Q = P <\ G and therefore by assumption, (5 is invariant in G. 

Now, </? € IBr p (G) has a normal vertex subgroup Q, and we may view 
<p> as a Brauer character of G/Q which has defect zero. Thus, the unique 
character \ S Irr(G/Q) that lifts </? has defect zero. Applying Theorem 1 2. 3 ( 
there is a unique character x& £ rdz(G | (5) that lifts 99. Since any lift of <p 
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that has vertex (Q, S) must lie above 8 and have relative defect zero, we are 
done. □ 



4. Generalized vertices 

In this section we will prove Theorem [2J Rather than work with Brauer 
characters, in this section we work in the context of Isaacs' partial characters 
to prove a slightly more general result. Hence, we will have a set of primes 
7r. To define the -zr-partial characters, one needs to assume that G is ir- 
separable. As in the context of Brauer characters, we let G° denote the set 
of 7r-elements in G. Given an ordinary character %i we use X° to denote the 
restriction of x to G°. The 7r-partial characters of G are the functions defined 
on G° that are restrictions of ordinary characters. The 7r-partial characters 
that cannot be written as the sum of two other partial characters are called 
irreducible. We use I n (G) to denote the irreducible 7r-partial characters of 
G. For a full exposition on 7r-partial characters, we refer the reader to [TO] 
and p]. 

The irreducible 7r-partial characters of G have many properties in common 
with the irreducible Brauer characters of a p-solvable group. (In fact, if ix = 
p', then ln(G) = IBr p (G), and the requirement that p is odd is equivalent 
to 2 £ it.) For example, we can define induction of partial characters from 
subgroups in the same way one defines induction of Brauer characters. Given 
an irreducible 7r-partial character tp of G, we can define a vertex Q for <p to 
be a Hall 7r'-subgroup of a subgroup U that contains a 7r-partial character k 
of 7r-degree that induces ip. Isaacs and Navarro proved in [TO] that all of the 
vertices for (p are conjugate in G. (A different proof of this fact is in [15].) 
There also exists a Clifford correspondence for 7r-partial characters. If G is 
7r-separable and N <] G and 6 £ I^(iV), then induction is a bijection from 
the set l n (G e | 9) to l w (G | 9) (see [T2]). 

We also need to consider 7r-special characters. Let G be a 7r-separable 
group. A character x € Irr(G) is 7r-special if x(l) is a 7r-number and for 
every subnormal group M of G, each irreducible constituent of xm has 
determinantal order that is a 7r-number. Many of the basic results of tt- 
special characters can be found in Section 40 of [8] and Chapter VI of |18j . 
One result that is proved is that if a is 7r-special and (3 is 7r'-special, then af3 
is necessarily irreducible. Furthermore, if a' is 7r-special and f3' is 7r-special 
so that a' /3' = af3, then a' = a and j3' = f3. We say that x ls vr-factored 
(or factored, if the tt is clear from context) if x = c*/3, where a is 7r-special 
and P is 7r'-special. Another result is that if H is a Hall 7r-subgroup of G, 
then restriction defines an injection from the 7r-special characters of G into 
Irr(#). 

Following the terminology introduced in [3], we say (Q, 5) is a generalized 
Tr-vertex for x G Irr(G) if there exists a pair (U, ip) (where U C G and 
ip € Irr(J7)) so that ip G = Xi Q ls a Hall 7r-complement of U, tp = a/3 where 
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a is 7r-special and f3 is 7r'-special, and (3q = S. In this context, we say that 
(U, ip) is a generalized n-nucleus for x- 

In [3], the first author proved that if \G\ is odd and x G Irr(G) is such that 
X° G Ivr(G), then the generalized tt- vertices for x are conjugate. We now 
show that the hypothesis that \G\ is odd can be replaced by the hypothesis 
that G is 7r-separable and 2 G tt. Our argument will parallel the argument 
in P]. 

The main result, which is the tt- version of Theorem [2] is the following. 

Theorem 4.1. Let it be a set of primes with 2 G tt, and let G be a in- 
separable group. If x € Irr(G) is such that x° £ Itt(G), i/ien a// o/ t/ie 
generalized n-vertices for x are conjugate. 

The key to our work is a recent result of Navarro. Replacing p by a set 
of primes 7r with 2 G 7r, the proof of Lemma 2.1 of [21] proves: 

Lemma 4.2. Let it be a set of primes with 2 G 7r, and Zei G be a it -separable 
group. Let x £ Irr(G) 6e it' -special. If x(l) > 1? ^en y° is not in I^-(G). 

For the remainder of this section, our work will parallel the work in [3]. 
The following should be compared with Lemma 2.3 of [3]. 

Lemma 4.3. Let it be a set of primes with 2 G tt, and let G be a it -separable 
group. Let x £ Irr(G) be such that x° £ Iw(G). If U < G and ip G Irr(Z7) 
is a n-factored character that induces x> then the tt' -special factor of ip is 
linear. Moreover, if Q is a Hall tt- complement of U, then Q is a vertex 
subgroup of x° ■ 

Proof. Note that since x° £ Itt(G), and ip G = x, then ip° G I n (U). Since ip 
is 7r-factored, we have ip = a/3 where a is 7r-special and /3 is 7r'-special. It 
follows that p° G l n {U). By Lemma \AM /?(!) = 1- It follows that ip has 
7r-degree and ip° G I n (U). By Theorem B of [16], Q is a vertex subgroup of 
X°- ~ □ 

The next lemma is similar to Lemma 3.1 of |3j. 

Lemma 4.4. Let it be a set of primes with 2 G tt, and let G be a tt -separable 
group. Let x £ Irr(G) be such that x = a P where a is n-special and f3 is 
linear and tt' -special. Suppose ip G Irr(i7) is n-factored and induces x- If °~ 
is the tt' -special factor of ip, then pjjj = 5. 

Proof. Note that a = a/3/3" 1 = • It follows that (-0/3" 1 \u)° = ip G P~ l = 
xP = a - Since a is 7r-special, we may use Theorem C of [TT] to see that 
4'P~ 1 \u is 7r-special. We can write ip = 7 <5 where 7 is 7r-special. Now, 
7 ° = ip° = (^/3- 1 | c/ )° ! and so, 7 = ipp- x \u = jSP' 1 ^. It follows that 
$(3~ 1 \u = If/; and hence, 5 = fiy. □ 

The next result should be compared with Lemma 3.2 of [3]. Let tt be a 
set of primes with 2 G tt and suppose G is 7r-separable. We will need the 
basic properties of the set B 7r (G) C Irr(G) introduced in [TP] . In particular, 
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we need to know that restriction to G° gives a bijection from B 7r (G) to 
I-k(G) and that the 7r-special characters of G are precisely the characters of 
7r-degree in ~B n (G). We will also use the magic field automorphism that was 
described in [14] . We write a to denote the magic field automorphism. Let 
X G Irr(G). In [14], it is proved that \ G B n (G) if and only if x" = X an d 

Lemma 4.5. Let tt be a set of primes with 2 G ir, and let G be a it -separable 
group with subgroup U. Suppose x £ Irr(G) satisfies x° £ \{G). Assume 
ip G Irr({7) is n -factored so that x = ^ • Suppose \G : U\ is a n -number 
and the tt 1 -special factor of ip extends to G. Then x is ir-factored. 

We will use the notation /?' to denote the restriction of an ordinary char- 
acter /3 of G to the 7r'-elements of G. 

Proof. Let ip = af3 where a is 7r-special and (5 is 7r'-special. Let ip = pi' G 
\i(JJ). Let 7] G Irr(G) be an extension of f3. Now, (rj')rj = (r]rj)' = j3' G 
l n >(U). It follows that f]' G l n '(G). Let S G B n ,(G) so that 5' = rj' . Observe 
that 8(1) = rj(l) = /3(1) is a 7r'-number, and so 5 is 7r'-special. Also, (5u)' = 
f3' implies that 5jj G Irr(C7). By Theorem A of [TT], 5jj is 7r'-special. This 
implies that 5jj = (3. 

We now have x = ^ = ( a fi) G = a This implies that cP G Irr(G). 
Notice that (a G ) a = (a a ) G = a G . Also, X ° = (a G 6)° = (a G )°S° G l^G), 
and so, (a G )° G 1^(0). It follows that a G is 7r-special. We conclude that x 
is 7r-f actor ed. □ 

The next result is similar to Corollary 3.3 of [3]. 

Lemma 4.6. Let tt be a set of primes with 2 G 7r ; and Ze£ G be a tt -separable 
group. Let x G Irr(G) be ir-factored and have n-degree. Let N be a normal 
subgroup of G and suppose 9 G lric(N) is a constituent of xn ■ Let T be the 
stabilizer of 9 in G. If ip G Irr(T | 9) is the Clifford correspondent for x with 
respect to 9, then ip is tt -factored. 

Proof. Observe that 9 is 7r-factored. We can write x = 7<5 and 9 = aj3 
where 7 and a are 7r-special and 5 and j3 are 7r'-special. Since x has tt- 
degree, 5(1) = 1 and thus, 5n = f3. It follows that T is the stabilizer of a in 
G. We take \x G Irr(T | a) to be the Clifford correspondent for 7 with respect 
to a. We have 7(1) = \G : T\fi(l), and thus, ^(1) is a 7r-number. Observe 
that (n°) G = G )° = 7 G Itt(G) and thus, p° G I*(T). Since a a = a, we 
have [f G Irr(T | a). Since (fJ. cr ) G = (^ G ) a = fJ- G , it follows that fi' 7 = fi, 
and we conclude that [i is 7r-special. Because 5 is linear and 7r'-special, 5t 
is 7r'-special. We see that (^i5t) G = fJ- G S = j6 = x- Also, (/j,8t)n = Hn^n, 
and so, a(3 = 9 is a constituent of ([x5t)n- We obtain fidx G Irr(T | 9). 
Since ([i5t) G = X = V ;G ! we can use the Clifford correspondence to see that 
ip = /j,8t- Therefore, ip is 7r-factored. □ 
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Since the proof of the next lemma is essentially the proof of Lemma 3.4 of 
[3] where Lemma I3~3l is used in place of Lemma 2.3 of [3], we do not include 
it here. 

Lemma 4.7. Let it be a set of primes with 2 G tt, and let G be a ^-separable 
group. Let x £ Irr(G) be a lift of <p G I n (G), and suppose N is normal in 
G such that the constituents of xn are ^-factored. Suppose ip G Irr(C7) is 
Tr-factored, and suppose ip G = x- Then \NU : U\ is a ir-number. 

This next lemma is similar to Lemma 3.5 of [3]. 

Lemma 4.8. Let ir be a set of primes with 2 G tt, and let G be a tt -separable 
group. Let x £ Irr(G) be a lift of ip G I n (G). Suppose ip is a ir -factored 
character of some subgroup H of G that induces x> an d suppose there is 
a normal subgroup N of G such that the constituents of xn ore n-factored 
and G = NH. Then x is Tr-factored and the tt' -special factor of x restricts 
irreducibly to the tt' -special factor of ip. 

Proof. Notice that the second conclusion follows from the first conclusion 
by Lemma 14.41 We assume the first conclusion is not true, and we take G, 
N, and H to be a counterexample with \G : H\ + \N\ minimal. 

By Lemma [4.31 the V-special factor of ip is linear, so ip(l) is a 7r-number. 
Applying Lemma 14.71 we see that \G : H \ = \HN : N\ is a tt- number. Since 
x(l) = \G : H\ip(l), we see that x has 7r-degree. 

Choose K normal in G so that N/K is a chief factor for G. Notice that 
the irreducible constituents of xk are 7r-factored. If G = HK, then G, K, 
and H form a counterexample with \G : H\ + \K \ < |G : i2"| + |iV| violating 
the choice of minimal counterexample. Thus, we have HK < G. 

Notice that G = NH = N{HK). Notice that ip HK G hx(HK) will be 
a lift of a partial character in I n (HK). Also, the irreducible constituents 
of (iP hk )k are constituents of xk, and thus must be factored. If H < 
HK, then \HK : H\ + \K\ < \G : H\ + \N\, and so HK, K, and H 
cannot form a counterexample. Thus, ip HK must be factored and induce x- 
Also, \G : HK\ + \N\ < \G : H\ + \N\, so G, HK, and N do not form a 
counterexample. We conclude that x 1S vr-factored, a contradiction. This 
implies that H = HK. 

We have K < H. Let rj be an irreducible constituent of ipx- Notice that 
r] N has an irreducible constituent 6 which is a constituent of xn, so 6 and r/ 
are both 7r-factored. Since x has 7r-degree, 9 has a linear 7r'-special factor. 
If v is the 7r'-special factor of r\, then v extends to both the 7r'-special factor 
of 9 and the 7r'-special factor of ip. This implies that v is invariant in both 
N and H. Since G = NH, we conclude that v is G-invariant. 

Note that \N : K\ divides the tt- number \G : H\ and thus \N : K\ is a 
7r-number. Let v be the unique 7r'-special extension of v to N , and since v 
is G-invariant so is v. We can now apply Corollary 4.2 of |10j to see that 
restriction defines a bijection from Irr(G | v) to Itt(H \ C'ndh)- Observe 
that the 7r'-special factor of ip will belong to Irr(H \ Ondh) since VNnH is 
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the unique 7r'-special extension of v to N n H . It follows that the 7r'-special 
factor of tp extends to G, and applying Lemma 14.51 we conclude that % is 
factored, as desired. □ 

We make use of the normal nucleus constructed by Navarro in [20J. We 
quickly summarize this construction. Fix a character x £ Irr(G). Navarro 
shows that there is a unique subgroup N that is maximal subject to being 
normal in G and the irreducible constituents of xn are 7r-factored. If N = G, 
then take {G, x) to be the normal nucleus of x- If -/V < G, let 9 be an 
irreducible constituent of xn- Navarro shows that in this case 9 is not G- 
invariant. We then let Xd € Irr(Ge | 9) be the Clifford correspondent for 
X with respect to 9. We define the normal nucleus for x to De the normal 
nucleus of xe which can be computed inductively since G$ < G. Note that 
the process terminates when we have a factorable character, and thus the 
normal nucleus character of x is factorable and induces to x- (The definition 
of the normal nucleus is obviously motivated by Isaacs' construction of the 
subnormal nucleus in [10J.) It can be easily seen that all of the normal nuclei 
for x are conjugate. 

The proof of Theorem 14.11 is essentially the proof of Theorem 4.1 of [3], 
and thus we do not include it here in full detail. However, we do provide 
a brief sketch of the proof. The goal is to show that if (U, ip) is any gener- 
alized 7r-nucleus of x, then the generalized 7r-vertex of x defined by (U, tp) 
is conjugate to a vertex for % arising from a normal nucleus. Lemmas 14.31 
and 14.41 allow us to assume that x is n °t factorable. Let N <\ G be maximal 
so that the constituents of xn are factorable. By Lemma 14.71 we see that 
\NU : U\ is a -/r-number, and thus Lemma 14.81 allows us to replace the pair 
(U,ip) with (NU,ip NU ), and thus we may assume N QU. Letting 9 be a 
constituent of ipw, we use Lemma [4.61 and Lemma [4.41 to replace {U,ip) with 
the pair (Ug,£), where £ is the Clifford correspondent for tp in \tt(Uq\9). We 
finish by applying the inductive hypothesis to the group Gq and the Clifford 
correspondent for x lying over which by definition has a normal nucleus 
in common with x- 

References 

[1] J. P. Cossey, Bounds on the number of lifts of a Brauer character in a p-solvable 

group, J. Algebra 312 (2007), 699-708. 
[2] J. P. Cossey, A construction of two distinct canonical sets of lifts of Brauer characters 

in a p-solvable group, Arch. Math 87 (2006), 385-389. 
[3] J. P. Cossey, Vertices of 7r-irreducible characters of groups of odd order, Comm. 

Algebra 36 (2008), 3972-3979. 
[4] J. P. Cossey, Navarro vertices and normal subgroups in groups of odd order, to appear 

in Rocky Mountain J. Math. 
[5] J. P. Cossey, Vertices and normal subgroups of solvable groups, J. Algebra 321 (2009), 

2962-2969. 

[6] J. P. Cossey, M. L. Lewis, and G. Navarro, The number of lifts of a Brauer character 
with normal vertex, to appear in J. Algebra. 



12 



JAMES P. COSSEY AND MARK L. LEWIS 



[7] J. A. Green, On the indecomposable representations of a finite group, Math. Z. 70 
(1959), 430-445. 

[8] B. Huppert, "Character Theory of Finite Groups," Walter de Gruyter, Berlin, 1998. 

[9] I. M. Isaacs, "Character Theory of Finite Groups," Academic Press, San Diego, 1976. 
[10] I. M. Isaacs, Characters of 7r-separable groups, J. Algebra 86 (1984), 98-128. 
[11] I. M. Isaacs, Induction and restriction of 7r-special characters, Can. J. Math. 37 
(1986), 576-604. 

[12] I. M. Isaacs, Fong characters in 7r-separable groups, J. Algebra 99 (1986), 89-107. 
[13] I. M. Isaacs, Partial characters of 7r-separable groups, Prog. Math. 95 (1991), 273-287. 
[14] I. M. Isaacs, Characters and Hall subgroups of groups of odd order, J. Algebra 157 
(1993), 548-561. 

[15] I. M. Isaacs, Characters and sets of primes for solvable groups. Finite and Locally 

Finite Groups (Istanbul, 1994), 347-376, NATO Adv. Sci. Inst. Ser. C Math. Phys. 

Sci., 471, Kluwer Acad. Publ., Dordrecht, 1995. 
[16] I. M. Isaacs and G. Navarro, Weights and vertices for characters of 7r-separable groups, 

J. Algebra 177 (1995), 339-366. 
[17] A. Laradji, Vertices of simple modules and normal subgroups of p-solvable groups, 

Arch. Math. 79 (2002), 418-422. 
[18] O. Manz and T. R. Wolf, "Representation of Solvable Groups," Cambridge University 

Press, Cambridge, 1993. 
[19] G. Navarro, Actions and characters in blocks, J. Algebra 275 (2004), 471-480. 
[20] G. Navarro, Vertices for characters of p-solvable groups, Trans. AMS 354 (2002), 

2759-2773. 

[21] G. Navarro, Modularly irreducible characters and normal subgroups, to appear in 
Osaka J. Math. 

Department of Theoretical and Applied Mathematics, University of Akron, 
Akron, OH 44325 

E-mail address: cossey@uakron.edu 

Department of Mathematical Sciences, Kent State University, Kent, OH 
44242 

E-mail address: lewis@math.kent.edu 



